DECOMPOSITION THEORY FOR NONSEMIMODULAR
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1. Introduction. In a previous paper [1] a theory of meet decompositions
in compactly generated atomic lattices was developed which for the most part
generalized the classical theory for finite dimensional lattices. It was shown
that if a compactly generated atomic lattice is semimodular, then every ele-
ment has an irredundant meet decomposition into completely irreducible ele-
ments. Every element of a compactly generated atomic lattice has a unique
irredundant decomposition if and only if the lattice is locally distributive.
Aside from uniqueness the most fundamental arithmetical property of ir-
redundant decompositions is the Kurosh-Ore replacement property, that is,
for every pair of irredundant decompositions ¢ =NQ =M’ of an element a and
for each irreducible ¢&€Q there is an irreducible ¢ €Q’ such that e=¢’
NN(Q—q). Every modular lattice has this property. Moreover, it was shown
that a semimodular, compactly generated, atomic lattice has the replace-
ment property if and only if the lattice is locally modular.

All of these results used heavily the semimodular condition. Only the
characterization of unique decompositions was carried out for general lattices,
and this was accomplished because semimodularity could be proved in this case.

The present paper extends the decomposition theory to include nonsemi-
modular lattices. It is shown in the second section that the elements of any
compactly generated atomic lattice have irredundant decompositions. In
the third section a necessary and sufficient condition is obtained for an arbi-
trary compactly generated atomic lattice to have the replacement property.
This condition is a modification of the lower-semimodular law, and in the
presence of semimodularity is easily seen to be equivalent to local modularity.

Throughout this paper the notation and terminology of [1]is used. Lattice
join, meet, inclusion, proper inclusion, and covering, are denoted respectively
by the symbols \U, M, £, <, and <. The corresponding set operations are
denoted respectively by the symbols \/, A, €, and C. If S and T are sets,
then S—T'={x|xES, x&T}; if T contains a single element ¢, then S—T
is also written S—¢. If @, b are elements of a lattice L with b=a, then the
quotient sublattice b/a is defined by b/a= {x€L|a§x§b}. A lattice L is
atomic if whenever b>a in L there is an element pE€L with b=p>a. In a
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complete atomic lattice L the element u, is defined for each a &L by u,
=U{p|p>a}. An element ¢ in a complete lattice L is compact if for each
subset SCL with ¢<US there is a finite subset S'C.S such that c<US’. A
lattice L is called compactly generated if L is complete and each element of
L is a join of compact elements. A lattice L is semimodular if x> xMy implies
x\Jy>y for all x, yEL. L is lower-semimodular if x\Jy>x implies y>xMy.
A complete atomic lattice is locally modular if the sublattice #,/a is modular
for each a € L. Local distributivity is analogously defined. An element ¢ in a
complete lattice L is completely irreducible if for each SCL, ¢=NS implies
gES. A representation of an element as a meet of completely irreducible
elements is said to be a decomposition of the element. A decomposition
a=NQ of an element a is irredundant if N(Q —q) #a for each g€ Q.

2. The existence of irredundant decompositions. This section contains a
proof that irredundant decompositions exist in any compactly generated
atomic lattice. We begin with the following four lemmas.

LeEmMMA 2.1, If a, b are elements of a compactly generated lattice L and b>a,
then the quotient sublatiice b/a is also compactly generated.

LEMMA 2.2. If a is an element of a compactly generated lattice L and {x.,}
is a chain of L, then aNU, x.=U, aNx.,.

LEMMA 2.3. If a, b are elements of a compactly generated lattice L and a2 b,
then there exists a completely irreducible element g€ L such that g=a and g% b.

LeEMMA 2.4. If a, b are elements of a compactly generated lattice L, then there
exists a maximal element m S L such that m=a and mMb=aMb.

Lemmas 2.1, 2.2, and 2.3 are given respectively in [1, Lemmas 3.1, 2.3,
and 2.5]. To show Lemma 2.4 let T={xEL|x2a, xN\b=aNb}. T is then
nonempty since a & T. If {x.} is a chain of T, then by Lemma 2.2 we have
bNU, xa=U, bN\x,=aMNb, whence U, x,ET. Thus by the Maximal Prin-
ciple T contains a maximal element m.

The existence theorem is now the following.

THEOREM 2.1. Every element of a compactly generated atomic lattice has an
irredundant decomposition into completely irreducible elements.

Proof. Let a be an element of the lattice distinct from the unit element.
Then by atomicity there is an element p with p>a. By Lemma 2.3 there
exists a completely irreducible element ¢ such that ¢g=a and ¢ p, and hence
a=gMp. Thus to prove the theorem it suffices to prove the following lemma.

LEMMA 2.5. Let L be a compactly generated lattice. Then every element of L
has an irredundant decomposition if and only if for each element a €L distinct
from the unit element of L there exist a completely irreducible element q and an
element x>a such that a =qMNx.
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The necessity is clear. To prove the sufficiency, let ¢ €L be an element
which is distinct from the unit element.

Let W be the collection of all ordered pairs (R, x) such that R is a set of
completely irreducible elements of L, x &L, and such that the following con-
ditions are satisfied:

(1) xNNR=a,

(2) xNN(R—q)>a for all gER.

Partially order W by defining (R, x) = (R’, x’) if and only if the following two
conditions hold:

(3) R2OR,

(4) xNN(R—R')zx'.

Now by the assumption of the lemma there exist an element x¢&L and
a completely irreducible element go& L such that xo>a and a=x0\ge. Then
with Ry= {qo}, the ordered pair (R, x¢) is a member of W, and hence W is
nonempty. By the Maximal Principle, W contains a maximal chain
{ (Ra, %a) } .

Define

(5) @=VaR,,

6) y=U, x..

Since {x.} forms a chain by (4), it follows from Lemma 2.2 and condition (1)
that

a2yNNE=NQONUz=U@NNQ =U@®NNR) =0

whence 2=yMNNQ. Now let ¢ be any element of Q. Then for some index «
we have g€ R,. By conditions (5), (3), and (4), if ¢’ is any other element of
Q, then either ¢/ € R, or ¢’ 2 x.. Since clearly y = x,, it follows that y"N(Q — R,)
2 %. Thus by condition (2)

ynn(Q—Q) = [ynn(Q—Ra)]mn(Ra_q) gxam n (Ra - 9) > a.
In particular, N(Q—gq) >a for every ¢&Q.

Therefore to show that ¢ has an irredundant decomposition it suffices to
show that NQ=a. Suppose NQ>a. Since yNQ=a, by Lemma 2.4 there
exists a maximal element m& L such that m 2y and mMNQ=a. m cannot be
the unit element of L since NQ>a. Hence by the assumption of the lemma

there exist an element {>m and a completely irreducible element r Zm such
that tN\r=m. Let Q1=QV {r}. We then have

tﬂnQ1=tﬂrﬂnQ=mﬂnQ=a.
If g is any élement of Q, then
INN@i—g=mNNEQE-9Z2yNNQ—19g) >a.

Since ¢>m, the maximal property of m implies that
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tNNQL—7)=tNNQ>a.

Hence (Qi, t)EW. Furthermore, if (Ra, x.) is any element of the chain
{(Ray %)}, then Q1 DQDR,, and

tnn(Ql_Ra)=mnn(Q_Ra);ymn(Q_Ra)gxa

And since t>m=y=x,, it follows that (Qi, £) > (Rs, %.). This implies that
{ (Ray %a) jAV4 {(Q1, t)} isa chain of W properly containing the maximal chain

(R %a)}. Since this is impossible, we must have a=NQ, completing the
proof of the theorem.

In the proof of the preceding theorem the Axiom of Choice (in the form
of the Maximal Principle) was used several times. It is perhaps interesting
that conversely Theorem 2.1 implies the Axiom of Choice. For if P is any par-
tially ordered set and L is the collection of all chains of P together with the
null set and P itself, then it is easily seen that L is a compactly generated
atomic lattice under set inclusion. Moreover every completely irreducible
element of L not equal to P is either a maximal chain of P or covered by a
maximal chain. Hence if completely irreducible elements not equal to P
exist in L, in particular if Theorem 2.1 holds, then P has a maximal chain.

3. Lattices with replaceable decompositions. If ¢ is an element of a com-
pactly generated atomic lattice L, we shall say that a has replaceable irre-
dundant decompositions if for every pair of irredundant decompositions
a=NQ=NQ" and each g&EQ there exists an element ¢'€(Q’ such that
a=¢'"N(Q—g), and this decomposition.is irredundant. The principal theo-
rem of this section characterizes those lattices L which have replaceable ir-
redundant decompositions.

For every pair of elements x, y& L define the element u,;, by

uy = U {p|p =20 > 9}

THEOREM 3.1. Every element of a compactly generated atomic lattice L has
replaceable irredundant decompositions if and only if L satisfies the following
condition:

(o) If x, YEL, then u,yy1> x tmplies uyiny > xM\y.

ReMARK. Condition (p) may be stated alternatively as follows. If x, y are
any two elements of L and the quotient sublattice x\Jy/x contains a unique
element covering x, then the sublattice y/xMy contains a unique element
covering xMy.

Proof of Theorem 3.1. The proof of the theorem is based on the following
lemmas.

LEMMA 3.1. An element a S L has replaceable irredundant decompositions if
and only if gN\(p1\Jp2) =a implies p1=p, for every completely irreducible ele-
ment ¢ =a and every pair of elements p1, p:>a.
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Let a€L be an element for which the condition of Lemma 3.1 is satisfied.
Let a=NQ=NQ’ be two irredundant decompositions of @, and let g€ Q. Since
a=gNN(Q—gq), it follows from the condition of the lemma that there is a
unique element p >a such that N(Q —gq) = p. Because NQ’ =a, there is an ele-
ment ¢'EQ’ such that ¢’ 2, and hence it follows from the atomicity of L
that ¢ N(Q—q) =a. Suppose this decomposition is redundant. Then there
exists an element ¢;&EQ—¢q such that a=¢'NN(Q— {q, ¢1}). Again since
¢NN(Q@—1{g, ¢1}) =a and a satisfies the condition of the lemma, it follows
that there is a unique element p,>a such that N(Q— {q, @1}) Zp1. But since
nQ-{aq, ql}) 2N(Q—q)=p, we must have p=p;. This implies that
gNNQ—{g, ¢:}) =N(Q—q1) =a, contrary to the irredundance of the decom-
position a =NQ. Hence the decomposition a =¢'MNN(Q —¢q) is irredundant, and
@ has replaceable irredundant decompositions.

Suppose now that a €L has replaceable irredundant decompositions. Let
g=a be a completely irreducible element and 1, p2 > a be elements such that
a=qN\(p1\Up;). By Lemma 2.4 there exists a maximal element m=p,\Up,
such that g"\m=a. Let m =R be an irredundant decomposition of m. Then
because of the maximality of m it follows that a=¢gMNNR is an irredundant
decomposition of a. If p1#p,, then by Lemma 2.3 there exists a completely
irreducible element ¢ = p; such that ¢ % p., and hence ¢iMN\p:=a. Let mi=p,
be a maximal element such that ¢i\m;=a, and let m;=NR, be an irredun-
dant decomposition of m;. Then again it follows from the maximality of m;
that a=gMNNR, is an irredundant decomposition of a. But now it follows that
aMNNRZp1>a, and ¢ NNR = p;>a for every ¢ € Ry. Since this is contrary to
the assumption that a has replaceable irredundant decompositions we must
have p1=2p,, and hence the lemma follows.

LeEMMA 3.2. If an element a &L has replaceable irredundant decompositions
in L, then a has replaceable irredundant decompositions in the sublattice x/a for
every x>a.

For suppose r is a completely irreducible element of the quotient sub-
lattice x/a and rMN\(p/\Jp:) =a for elements p1, ps such that x=py, p2>a. If
r=0Q is a decomposition of 7 into elements which are completely irreducible
in L, then

r=xNNQ=N2xNy,
9€Q
and since 7 is completely irreducible in x/a it follows that r=x/M\g for some
irreducible g€ Q. Hence

N (1Y pa) = gNaN\ (1Y pa) = r N\ (1Y p2) = a,

and since ¢ has replaceable irredundant decompositions in L it follows from
Lemma 3.1 that p1=p,. Thus, since x/a is a compactly generated atomic lat-
tice, @ has replaceable irredundant decompositions in the sublattice x/a.



1961 DECOMPOSITION THEORY FOR NONSEMIMODULAR LATTICES 251

Proceeding now with the proof of the theorem, let L be a compactly
generated atomic lattice satisfying condition (p). Let aEL, g=a be an ir-
reducible of L, and p1, p.>a be elements such that ¢MN(p,\Jp:) =a. Since ¢
is completely irreducible in L, there is a unique element s covering g. Thus
Upupsuale =S > ¢, and hence by condition (p) it follows that u,,pya>a. This
implies that p1=p,, and hence by Lemma 3.1 every element of L has replace-
able irredundant decompositions.

Suppose every element o. L has replaceable irredundant decompositions.
Let x, yEL be such that #,yy:>x. If #,/:n, does not cover xMy, then there
are two distinct elements py, p; such that y=p1, p2>xMy. Since Uzyy: > % it
follows that x is completely irreducible in the quotient sublattice x\Jy/xMy.
And since xN\(p1\Ups) =xNy for two distinct elements p1, p2 > 2Ny, it follows
from Lemma 3.1 that xM\y does not have replaceable irredundant decomposi-
tions in the sublattice x\Jy/xMy. But then by Lemma 3.2 it follows that
xMy does not have replaceable decompositions in L. This contradiction im-
plies that u,;z.ny > xMy. Thus L satisfies (p), and the proof of Theorem 3.1 is
complete.

It is clear that if L is a point lattice(?), that is, if x is the join of elements
covering y for every pair of elements x>y in L, then condition (p) is equivalent
to lower-semimodularity. Therefore a compactly generated point lattice has
replaceable irredundant decompositions if and only if the lattice is lower-
semimodular.

THEOREM 3.2. If L is a semimodular, compactly generated, atomic lattice,
then L satisfies condition (p) if and only if L is locally modular.

Proof. If L is locally modular, then (p) follows immediately from [1,
Lemma 7.1]. Suppose then that L satisfies condition (p). If a€L and every
element of #,/a is a join of elements covering a, then u./a is a point lattice.
For if x>y in u,/a, then x=U{p\Uy|p>a, p=x, p£y}, and since p£y
implies p\Uy >y, the assertion follows. Hence, in view of [1, Lemma 3.4]
and the remark following the proof of Theorem 3.1 above, to show that L
is locally modular it suffices to show that every element of u,/a is a join of
elements covering a for each a € L. Since u,/a is compactly generated we need
only show that each compact element is a join of elements covering a. If ¢ is
a compact element of u./a, then there is a minimal finite number of elements
pi, -+ -, pe>a such that p,\J - - - Up,=c. Since L is semimodular, every
chain of p)\J - - - Ups/a is of length at most k. Thus, if p\J - - - Upe>c
and t is such that p)\U - - - Up>t2¢, then ¢ is not a join of elements cover-
ing a. Let t1=U{p>a|p§t}. Then since p1\J - - - Upe/t) has dimension at
least two, there are two distinct elements p;, p; such that ti%p;, p;, and
H\Upi 2 p;. Now p,Up;Ut=p\J - - - Up,>t, and hence by condition (p) it
follows that tN\(p;\Up;) >a. Since every chain in p,\Up;/a has length at most

(%) This definition of point lattice differs somewhat from the usual one.
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two, we must have tN(p:\Up;) >a. But since p;\J(N(p\Ip;)) =p\Ip;=p,,
it follows that #ZtMN(p;\Jp;), contrary to the definition of #. Hence
c=p\J - - - Upy, and Theorem 3.2 follows.

Theorems 3.1 and 3.2 together give one of the main results of [1] men-
tioned in the introduction: every element of a semimodular, compactly generated,
atomic lattice L has replaceable (irredundant) decompositions if and only if L is
locally modular.

A compactly generated atomic lattice L has unique irredundant decom-
positions if and only if L is locally distributive, and hence L has unique de-
compositions if and only if #./a has unique decompositions for each a L.
Similarly, if L is a semimodular, compactly generated, atomic lattice, then
L has replaceable decompositions if and only if every u./a has this property.
Therefore the uniqueness of decompositions in a general lattice and the re-
placement property in a semimodular lattice are “local” properties in the
sense that they are determined by the sublattices u./a.

In passing to the question of replaceable decompositions in a general
compactly generated atomic lattice L a different situation is encountered. If
L is finite dimensional, then it follows almost trivially that L satisfies condi-
tion (p) if and only if u,/a satisfies (p) for each a S L. If finite dimensionality
is dropped, however, then L need not satisfy (p) even though u,/a satisfies
(p) for every a& L. Thus, unlike that of unique decompositions, the property
of replaceable decompositions is fundamentally different in the general case
than in the finite dimensional case. The following example illustrates this.

Let L, be the lattice comprised of two infinite chains a:<a,< - - -

<a;< - -+ and b 1<b:< - - - <b;< - - -, such that b;>a;, and such that
the sublattice b;y1/a; is isomorphic with the lattice of Figure 1 for each
i=1, 2, - - -. Notice that the lattice of Figure 1 has the property that

P('1Ud,’+1=bi+1, and p,-,kUa;+1=p;+1,k_1 fOI‘ k g 2. Hence i[l Ll, fOI' every ’L and
k we have p; s\ Ja:1x =birr. Now let L be the lattice of ideals of L,. Every non-
principal ideal of L; necessarily contains the ideal(®) 4 =(a, a3, a3, - * * ).
Suppose B is an ideal of L, with B>A. Then B must contain the element
pix for some ¢ and k. Thus B contains p;i\Jair=>bik, and hence
B=(by, by, b3, - - - )=L;. Hence 4 and L, are the only nonprincipal ideals of
L,, whence it follows that L is compactly generated and atomic. Now the only
ideals X covered by more than two elements of L are the ideals (a;). Thus if
X #(a;), then clearly ux/X satisfies (p). On the other hand, u@,/(a:)
b,;.1/a;, and it is apparent from Figure 1 that u(,/(a:) also satisfies (p) for
each 1. However, L does not satisfy (p), since #@pyya/a=Li1> 4 and %@, 604
=y @ = (b1) does not cover (a,).

We may also consider the stronger replacement property described in
[1, Theorem 4.6]. With this in mind, let us define an element a in a com-
pactly generated atomic lattice L to have doubly replaceable irredundant de-

(®) (x1, %2, - + + ) denotes the ideal generated by the set {xl, EONRIIRN
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a,~

FIGURE 1

compositions if for every pair of irredundant decompositions a=NQ=NQ’
and each ¢EQ there exists ¢ EQ’ such that a=¢'N\N(Q—q) =¢NN(Q’' —¢).

THEOREM 3.3. Every element of a semimodular, compactly generated, atomic
lattice L has doubly replaceable irredundant decompositions if and only if u./a
s a direct product of finite dimensional modular lattices for every a S L.

Proof. The notation used in this proof is that of [1, §4].

If us/a is a direct product of finite dimensional modular lattices, then it is
easily checked that ko=wu, for every irredundant decomposition a=NQ.
Hence the sufficiency follows from [1, Theorem 4.6](%).

The proof of the necessity depends on the following well known lemma
essentially due to Frink [2].

LeMMA 3.3. If K is a complete, atomic, complemented, modular lattice with a
null element z, then K is a direct product of quotient sublattices e./z, where each
sublattice e,/z has the property that the join of any pair of distinct elements cover-
ing 2 contains a third distinct element covering z.

Suppose every element of a semimodular, compactly generated, atomic
lattice L has doubly replaceable decompositions. Then it follows that L is
locally modular. Let a©L. Since #./a is complemented by [1, Lemma 4.1},
it follows by the preceding lemma that u./a is a direct product of sublattices

(4) Even though [1, Theorem 4.6] and its corollary are stated for modular lattices, they
clearly hold in the locally modular case.
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e./a each of which has the property expressed in the lemma. Suppose one of
the sublattices, say #s/a, is not finite dimensional. Then es/a contains an
infinite independent set J of elements covering a. We may assume that Jisa
maximal independent subset of { p>a| p=<es},and hence UJ=e¢;. Pick poEJ.
Then for each p&J—p, there is an element $>a such that p\Up=p and
p#po, p. Define

sp=pUU(J - {1’0»?})

for each p&EJ—py, and set S= {s,lpEJ—po}. Then eg> s, and s, & po, p for
each pEJ—p,. Suppose NS>a. Then NS=p’' for some p’>a. Since UJ
=eg2p’, there is a minimal finite subset J'C J such that UJ' 2 p’. If p€J,
then it follows from semimodularity and the minimality of J’ that ' <UJ’
implies po<p'\JU(J' —po). Since J is infinite, there exists p&J—J’, whence

PSP VU =) S VUU = {pop}) S5,
a contradiction. If po&EJ’, then with pEJ’ we again have
PSP VU =p) SpPUUU = {po,p}) 55

a contradiction. Hence NS=a, and clearly N(S—s,) 2p for each pEJ —p,.

Now consider ks. Since J is independent, hg=U(J—po) & po, and hence
hs#es. Thus by the corollary to [1, Theorem 4.6] a cannot have doubly re-
placeable decompositions in the sublattice es/a. But u,/a is a direct product
of es/a and (Uaxs €4)/a, whence it follows that a cannot have doubly replace-
able irredundant decompositions in L, contrary to assumption. Thus each
e./a is finite dimensional, and the proof is complete.
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